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The main result of this paper is that for every locally compact abelian 
group G, which is not compact, the convolution algebra L’(G) contains a closed 
ideal which is not finitely generated. This gives a negative solution to the 
principal ideal problem in group algebras, which has been open for some time 
[5, p. 352; 6, p. 381 and [8, p. 1541. 
1. INTRODUCTION 
Wiener’s general Tauberian theorem asserts that U(R) is the 
closed span of translates of any of its functions whose Fourier trans- 
form vanishes nowhere. Hence G(R) is the closed span of translates 
of a single function, for example f(x) = e-“*. The question arises 
whether or not every closed translation invariant subspace of D(R) 
is also the closed span of the translates of one of its functions? 
Since the closed translation invariant subspaces of Ll(R) coincide 
with the closed ideals of L1(R) (regarded as an algebra with respect 
to convolution), and since the closed span of translates of a function 
f~,!,l(R) coincides with the closed ideal generated by f in Ll(R), an 
equivalent form of the problem is the following: 
Is every closed ideal in L1(R) generated by a single function ? 
This problem as well as the corresponding one for general group 
algebras has been open for some time [5, p. 352; 6, p. 381 and 
[8, p. 1541. 
A discussion of the principal ideal problem and its relation to 
spectral synthesis can be found in [3, pp. 53 and 274; 4, p. 227; 
1 and 141. 
In this paper the general case is settled by 
1.1. THEOREM. If G is a locally compact abelian group which is not 
compact, the algebra Ll(G) contains a closed ideal which is not finitely 
generated. 
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2. NOTATIONS AND PRELIMINARIES 
For a locally compact abelian group G with dual r, we denote by 
A(r) the set of all Fourier transforms of functions in Ll(G); that is, 
where F ELM, y E r and dx denotes the Haar measure of G. 
With norm 
Ml = j”, I+)1 dx = IlFll,~,,, 
A(r) is a commutative regular Banach algebra with respect to point- 
wise multiplication of functions, which is isomorphic and isometric 
to L1( G). 
Remembering that G is compact if and only if its dual r is discrete, 
Theorem 1.1 can be stated in the following equivalent form: 
2.1. THEOREM. If I’ is a locally compact abelian group which is not 
discrete, then A(T) contains a closed ideal which is not finitely generated. 
For a function f E A(F) we shall denote by Z(f) the set of its 
zeros, and for a closed ideal I C A(r) we use the notation 
Z(I) = n z(f). 
frl 
Since the functions in A(r) are continuous, Z(I) is a closed subset of r. 
For a closed set E C r we denote by 
I(E) = {fe A(F) :f(r> = 0, b E El, 
I(E) is a closed ideal in A(r). 
We remark again that there exists a relation between the principal 
ideal problem and spectral synthesis. We mention only the following 
result in this direction: 
If r is u compact and metrizable then every closed ideal I C A(r), 
such that Z(I) is a set of spectral synthesis is singly generated 
[14, p. 419; 1, p. 3041 and [3, p. 531. 
It therefore follows, that if r is u compact and metrizable then a 
closed ideal I in A(r) which is not singly generated, provides an 
example of a set which is not of spectral synthesis, the set Z(1). 
On the other hand, since for discrete I’ the algebra A(r) admits 
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spectral synthesis [lo, p. 1591, it follows that for r discrete and 
countable every closed ideal in A(r) is singly generated, or in 
equivalent formulation, if G is compact and metrizable, every closed 
ideal in P(G) is singly generated. 
We continue now with notations and definitions. For a compact 
Hausdorff space H, we shall denote as usual, by C(H) the space of 
continuous complex functions on H normed with the sup norm: 
Let X and Y be compact Hausdorff spaces. We shall denote by 
V(X, Y) the projective tensor product of the spaces C(X) and C(Y), 
that is, 
V(X, Y) = C(X) gi C(Y). 
We refer to Varopoulos [12] for the definition and discussion of the 
algebras V(X, Y). 
If X is a compact Hausdorf? space we denote V(X, X) by V(X). 
We denote by D, the denumerable complete direct sum of groups 
of order 2. We identify the elements of D, with the sequences (+E,), 
%a = 0, 1, the group operation being coordinate addition mod 2. 
In Section 4 we shall prove the following: 
2.2. THEOREM. V(D,) contains a closed ideal, which is not jinitely 
generated. 
This theorem implies Theorem 2.1 by [12, p. 731. 
Hence by proving Theorem 2.2, Theorems 2.1 and 1.1 will be 
proved. In the proof of Theorem 2.2 we shall need the following 
general lemma: 
2.3. LEMMA. Let B be a commutative Banach algebra nd I a closed 
ideal in B. Suppose that for some positive integer n,there xists a bounded 
n-linear functional @ defined on In (the n-cartesian product of I with 
itself) which has the following properties: 
(4 If fi ,...,f, are n functions in I such that for some 
1 ,<i<j<n;fi=fithen 
%dl 9 &f2 1-**9 &fn) = 0 &I , g, ,..., g E B. 
(b) There exist n elements e, , e2 ,..., e E I such that 
@(el , e2 ,..., e ) # 0. 
Then I is not generated by any n - 1 elements in 1. 
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Proof. Let g, , ga ,...) g,, E I and let J be the closed ideal in B 
generated by g, , g, ,..., g -, . We shall show that J # I. 
For every positive integer m we denote by P, the set of permutations 
of (1, 2 ,..., m}. 
Now, Qh, , h, ,..., h -, E B and Qa E PnU1 we associate a bounded 
linear functional W(h, , h, ,..., h -, , 0) on I as follows: 
4% 1 h, ,*.a, L > 4(f) = wmca 3 h,gdz, ,.**7 Ll&cn-1, 7f)l VfE 1. 
It follows from (a) that a(h, , h, ,..., h -, , u) annihilates J, 
Qh, ,..., h -,E B and QUE Pnwl. Therefore, if there exist n - 1 
elements h, , h, ,..., h -, G B and a permutation u E PnVl such that 
W(hl , h, I--*, Ll , +%J f 0, 
[e, is the element in condition (b)] then since e, E I, 
41, h, ,..., L 3 4 
does not annihilate I, and therefore in this case I # J. 
If on the other hand 
413 h2 ,..., h -, , +L) = 0, 
Vh, , h, ,..., h -, E B and Vu E P,-, , 
(2.1) 
consider the bounded n - 1 linear functional E defined on P-r by 
44 9 u2 ,.**, h-l) = @(ul , u2 ,-.., k1 ,4, vu, ) 242 )...) z&-l E I. 
It follows from (2.1) that I annihilates In-l, but by (b) we have 
l(e, e2 ,..., en-,) # 0 
and therefore Idoes not annihilate P-i, hence In-’ # P-l and again 
we have J # 1. This completes the proof of the lemma. 
3. THE ALGEBRAS A(P) AND A(P) 
For positive integers m and k, let S,,, be the Cartesian product of 
the k unit spheres S, C R 112. In this section we shall prove 
3.1. THEOREM. Let k be a positive even integer, m = 2k + 1 and 
n = m * k. Then the closed ideal I(&,,) in A(Rn) is not generated by 
k - 1 functions. 
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We shall now prove some lemmas which are also needed in the proof 
of Theorem 2.2 in the next section. The main aim of this section 
is in fact the proof of the lemmas. 
We now need some more notations and definitions. 
We shall denote by om the homogeneously distributed measure 
on s,, with total mass 1, and by CT~,~ the corresponding product 
measure on S,,, ; that is, 
a,& = o;, x a, x ‘*’ x um (k factors) (3-l) 
For X > 0, J,, will denote the Bessel function of order A, and Kh 
the function defined by 
K*(z) = J(~-2,,2(2)/z’“-2”2. 
Let p’m be the Fourier-Stieltjes transform of the measure urn . It is 
well known (see [9, p. 37]), that for some constant A,, 
%?dt> = &Km(l 5 03 
(3.2) 
5‘ = (61, t2 ,...> L‘,) E R”, I i? I= (5 ti2y2. 
i=l 
Let pm,k be the Fourier-Stieitjes transform of a,& . It follows 
from (3.1) that 
%n.k(4 = ly %a(Xi> (3.3) 
j=l 
x = (x1 , x2 ,..., xk) E Rmk, xi E R”, ( j = 1, 2 ,..., k). For xi E R” we 
denote by rj the Euclidean norm of xi , that is, ri = 1 x* I. 
It is known that for v < [(A - 1)/2], the function zV(dYKA/dzY) is 
bounded on R. Therefore, it follows from (3.2) and (3.3) that for 
lJ G [(m - 1)/21, 
rjY(&pmtk/ar5”) E P(R’@) (j = 1, 2 ,..., k). (3.4) 
Finally, for p > 0 we define the mappings 7pi : Rmk + Iimk by 
T,+) = (% , +4 ,-a*, xj-1 , px5 , %+I ,--*, %k>, 
X = (X1 , X2 ,..., xk) E Rmk, XjEP, j = 1, 2,..., k.
In what follows we consider a fixed positive integer k, and denote 
m = 2k + 1 and n = m * k. We shall use the notations ~7 = a,,, , 
9’ = %.k and 1 = l(sm,k)* 
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3.2. LEMMA. Let 0 < v < p < k and fi , fi ,..., f E I. Let 




*FF,)(y) rt’ 2 (Y) dr = 0 (j = 1, 2 ,..., k). 
3 
(3.5) 
Proof. We prove the lemma for j = 1; for other values of j, 
the proof is the same. The proof is by induction on p. Since fr E I, 
j 
R* 
F,(Y) T(Y) dy = c jfd4 d44 = 0 
(where c is a constant), hence (3.5) holds for p = 1. 
For a function F defined on Rn = Rmk and p > 0, we denote by 
Fp the function 
WY, > yz >..., YA = P-%+YI > YZ ,..-, Y& 
(yl ,y2 ,...,ylc) E R”, yj E Rm (j = 1, Z..., 4. 
We assume now inductively that (3.5) holds for p - 1. 
We shall show first, that this assumption implies that 
lim 
P-r1 s 
(F,~ *F,p * ... *F,il)(~)~(Y) dy = o 
(P - 1) 
, (3.6) 
for 0 < v < p. Let H = F, *F, * ..* * FP and $j = r,j(@v/ar,j). 
Using the fact that fi E 1 we have 
s 
(F,P f F20 * -0. *F,“)(Y) V’(Y) dy = j (W - FJ * H”(Y) dy) dr 
and therefore, 
The inductive assumption implies that 
H*&=O (j = 1, 2 ,...) p - 1). (3.8) 
Let y E R”, 0 < p < 1 and v < p. By Taylor’s theorem 
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where p < .$ < 1. Hence using (3.8) we have V’x E R” 
(P-1)” * = ___ I “. i H(+ - y) S-“1Clv(~$y> dy 
and therefore for Vp E (4, 1) we have 
(3.9) 
where c is a constant. Since for FE L1(Rn) 
(3.6) follows from (3.7) and (3.9). Now using Taylor’s theorem as 
before and the inductive assumption we get 
I (F,p *F,o t -+a *F,“)(Y) Y(Y) dr 
= vj(& * .a- *F,)(Y) 4-%(~t4) 4x (3.10) 
where p < 4 < 1. 
Remembering that & is continuous and bounded on R” [since 
v < k = (m - 1)/2], (3.5) follows from (3.6) and (3.10) by using 
Lebesgue’s dominated convergence theorem for the right-hand side 
of (3.10). 
For a positive integer p we denote by IP the closed ideal in A(Rn) 
which is generated by the functions of the form fi * fi -0. f, , where 
fid,j= 1,2 )..., p. L emma 3.2 has the following: 
3.3. COROLLARY. Let 0 < v < p < k; and F gL1(Rn) be such 
that $’ E I, ; then 
s F(Y) ri” $ (Y) 4 = 0 (j = 1, 2 ,...) k . 
R” 
3.4. LEMMA. There exists a constant c > 0 such that Vp E (8, 1) 
and Vf E Ih 
(j = 1, 2 ,..., k). 
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Proof. We consider again only the case j = 1. The proof for 
other values of j is the same. Let F E E(P) be such that 13 = f E II, , 
then 
j, pf(TY’4 Mx) = jRnFcy) dT,ty) dr. 
9s 
(3.11) 
Now using Taylor’s theorem for ~)(T~~JJ) as in the proof of Lemma 
3.2, but now with remainder of order k, it follows from Corollary 3.3 
that for p E (0, l), 
s F(Y) P(T,~Y) dy = 
(P ;, 1)” 
1 tkF(Y) hc(Tt?‘) 4, 
(3.12) 
Rn R- 
where p < 5 < 1. Since & ELM, the lemma follows from (3.11) 
and (3.12). 
3.5. COROLLARY. If K is eaen, there exists a constant c > 0 such 
thatVpE(&, 1) andgEl 
da(x) < c I/ gk IIA(Rn) > (j = 1,2 ,..*, k). 
Proof. Let k = 2s; then 1 g Ik = g”g”, and since g E I + g E I, 
the corollary follows from Lemma 3.4. 
We define now Vp E (0, 1) a bounded k-linear functional @, on 
P = I x I x **- x I (k factors), by 
3.6. LEMMA. If k is even, the family of k-linear functionals 
{op : & < p < l> is uniformly bounded. 
Proof. Let Pk be the set of permutations of (1,2,..., k]. Since 
the lemma follows from Corollary 3.5 by applying to every term in 
the sum of the right-hand side of (3.13), the generalized Holder 
inequality for k factors. 
Using the analog of Alaoglu’s theorem for k-linear functionals and 
the fact hat A(P) is separable, we get from Lemma 3.6 the following, 
if k is even: 
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3.7. COROLLARY. There exists a sequence py t 1 (V -+ co) and 
a bounded k-linear functional @ on Ik such that 
@(fi ,fi Y>flc> = ;;z @O,(fi ,fi ,...,fJ, ‘J’f ,fi ,...,fk El. 
3.8. LEMMA. Let @ be the k-linear functional onIk which is defined 
in Corollary 3.7. Then @ satisjies theconditions of Lemma 2.3; that is, 
(a) If fi , fi ,..., fk are k functions in I such that for some 
1 < i < j ,< k we have fi = fi then 
@P(&fl f af2 >***> &f?J = 03 %l > g2 ,*‘a, g, E ww. 
(b) There exist k elements e, , e2 ,..., ekE I such that 
@(e, , e2 ,..., ek) # 0. 
Proof of (a). S ince for any permutation s E PI, , 
@(fS(l, P-*-3 f,(,)) = MYf, Y-*f,) 
it is sufficient to prove (a) in the case i = 1, j = 2. Hence (a) will 
be proved by showing that Vfi , fi ,..., fkE I such that fi = fi and 
Vg, h E A@“) 
@p(f&f,kf, 7f4 YVf7J = 0. 
Now vs E& and p > 0, let vP s be the function in A(P) which is 
defined by 
v,“(x) = g(T;“‘x) h(T;%) - g(T;‘“‘x) h(Ti(l)X), XER”. 
Let Ek be the set of even permutations in Pk . Using the fact that 
fi = fi we have Vp > 0 
@,(gf, 7hfi ,fz 3..vfd 
Now from the proof of Lemma 3.6 it follows that there exists a 
constant c > 0 such that 
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since lim,,r 11 V,S Jla(R,q = 0 this completes the proof of (a) by 
(3.15). 
Proof of(b). Let ej(j = 1, 2,..., k) be functions in A(P) such 
that for i = 1, 2,..., It 
e*(x) = ri - 1, vx E [-3, 3]“, 
x = (x1, x2 ,..., XJ E A”; xi E Rm, (j = 1, 2 ,...) k , 
ri = 1 xi 1 (i = 1, 2 ,...) k . 
Then it is easily verified that Vp > 0 
@,(e, , e2 ,..., 4 = 1 
and therefore 
@(e, , e2 ,..., ek) = 1. 
Since ei E I, i = 1, 2 ,..., k this completes the proof of (b). 
Proof of Theorem 3.1. The theorem follows from Lemma 2.3 and 
Lemma 3.8. 
Remarks. 1. Since the restriction algebras of JR”) and A(T”) 
(T is the circle group) to [-3, 31” are algebraically andtopologically 
isomorphic [9, p. 1371, we get from the previous results, by 
considering A’,,, as a subset of Tn = (-‘rr, n]“, that for k, m, n as in 
Theorem 3.1, the ideals 
are not generated by k - 1 functions. 
2. The proofs of the previous lemmas show that the lemmas 
are true with k = 2 for all m > 5. This implies that for m > 5 the 
closed ideal I(&‘, x S,) in A(R2”) is not singly generated. 
In fact, the same argument shows that for p > 5, p > 5 the closed 
ideal I(S, x S,) in A(Rp x R*) is not singly generated. This proves 
the conjecture in [I, p. 3071, for the case p > 5, q > 5. 
3. Using the results of[13] it is possible toprove that the ideals 
J((s,,,) are generated by k functions. 
4. THE ALGEBRA V(D,) 
In this section we shall prove Theorem 2.2, and as has been 
remarked in Section 2, this will prove Theorem 2.1 and Theorem 1.1. 
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We begin with some notations and definitions. Let y : D, -+ [0, l] 
be the function defined by 
y(c) = f 5, < = (cl , c2 ,...,) ED, 
j=O 
and define p : [O, I] -+ T by 
p(y) = e2+, YE[O, 11. 
Denote by u = p o y : D, -+ T. Let y : D, -+ Tw the mapping 
induced by the Cartesian product map uw : D,o -+ Tw after the 
identification f D,o with D, (W denotes the countable cardinal). 
y is a continuous mapping of D, onto Tm, and induces the linear 
operator q” : C(Tw) + C(D,) which is defined by 
#!f=f”v, f E C(Tw). 
~0 is a multiplicative linear operator which maps C( Tw) isometrically 
onto a closed subalgebra of C(I),). We denote by Q the tensor 
product map 
Q : pa @ v” : V( Tw) --f, V(D,). 
Q is again a linear and multiplicative isometry. Let M : A( Tw) -P V( To) 
be the linear operator defined by 
Mf(x, Y> = .f(x + Y>, X,Y E Tw, fEA(TO). 
The operator M is a bounded linear operator of norm 1 which is also 
multiplicative. This operator was introduced by Her-z [7]. For every 
positive integer k we denote by 
G, zz (Tzk+l)k 
and represent the points y E Gk in the form y = ( yr , ya ,..., yk), 
where yj E T2k+1 (j = 1, 2,..., k). We identify Tw with 
x Gk 
kEN 
and represent the points x E Tw in the form x = (x1, x2 ,...,), 
xk E G,(k = 1,2,...,). For Vk E N, let mk : Tw -+ G, be the canonical 
projection of To onto Gk , that is, 
nk(x) = xk , .x = (Xl , x2 ,..., Xk )... ). 
580/11/z-8 
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Let nko be the induced map 
nkO : A(G,) + A(Tu) 
which is defined by 
flk”f=fOrk, Vf E 4GJ. 
7~~~ is an isometric multiplicative isomorphism of A(G,) onto a closed 
subalgebra of A(P), which we shall identify with A(G,). That is, 
in what follows we regard A(G,) as a closed subalgebra of A(P). 
Let 2N be the set of even integers. For every k E 2N we define k 
functions ek,5 (j = 1, 2 ,..., k) in A(G,), such that 
ek,dY) = I Yj I - 1, vy E [ -3, 3]‘2”+1’“, 
y = (Yl ,a*-, Yk), yj E T2’+l, (j = 1, 2 ,..., R), 
and / yj 1 denotes the Euclidean norm of yj as an element of Pk+l = 
(-‘rr, 7;lzk+l. We consider the sequence 
as a sequence in A(P) and define the corresponding sequence 
{fk,ii 1 ej<kkEw 
in V(D,) by 
fro = !i?Mhd. 
Finally, let I be the closed ideal in V(D,) generated by the sequence 
(fk,r ,1 < j < k, k E 2N}. Theorem 2.2 follows from the following: 
4.1. PROPOSITION. The ideal I is not $nitely generated. 
For the proof of the proposition we need some more definitions 
and notations. 
Let 6 : (0, l] ---t D, be the function defined by 6(x) = (or , Ed ,...,), 
where 
Let 4 : T -+ (0, l] be defined by 
q(F’) = r, O<r<l 
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and denote 
v=tiaq:T*D,. 
Let 4 : T” + D, be the mapping induced by the Cartesian product 
map 
vu : T+ Dmw 
after the identification fDaw with D, . # is a Bore1 function which is 
continuous a.e. with respect to the Haar measure of Tw. 
Let zJ” : C(D,) --t L”(Tw) be the induced operator defined by 
ff = f 0 #, f E WLJ. 
It follows from the properties of 4, that Vf E C(D,), #“f is a bounded 
Bore1 function on Tw, which is continuous a.e. with respect to the 
Haar measure of To. 
Let L be the tensor product map: 
L : #” @ $” : V(D,) -+ L”( Tw) @ L”( To). 
It follows from the definitions of Q and L that 
LQ = bp,, . (4-l) 
Let P : Lm( To) @ L”( T”) --f A( To) be the bounded linear operator 
defined by 
JTf (4 = 1 f (x - Y9 Y> dY, 
T* 
where dy denotes the Haar measure on Tw. P is a linear operator 
of norm 1 and was introduced by Herz [7]. The following relation 
between P and M holds [7]: 
mJxf > = f% VggLm(Tw) @L”(Tw), Vf E A(P). (4.2) 
Let k,k and %.k be defined as in Section 3. We regard now S,,, 
as a subset of Tm*“. For m = 2/z + 1 we shall denote ,Sk) = S,,, 
and pk = urn,& .Let 
S zz X S’k) and tL = x pk. 
ksN LEN 
S is a compact subset of T” and p a positive Bore1 measure of mass 1, 
supported by S. 
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In what follows we consider a fixed positive even integer k. For 
p > 0 we define as in Section 3 the mappings 
T,~(Y) :G - G , 1 <j<k 
bY 
T,j(Y) = 01 3 yz ,**-t PYj ,.**, Yk), 
Y = (~19 ~2 ,...> yle) E G > yi E T2k+1, i = 1, 2 ,,.., k.
These mappings induce the mappings 
Boi:TW-tTW (1 = 1,2,n) 
defined by: 
e,jcx) = cxl , x2 ,..., Tpjxk ,... ),
x = (x1, x2 ,...) E Tw, xi E Gi , i = 1, .2 )... 
In what follows we denote for f~ V(D,), 3 = Lf. Now Vp E (0, 1) 
we define a k-linear bounded functional ul, on P = I x I x a** x I 
(k factors) as follows: 
(dr denotes here the Haar measure of 7’“‘). 
Let now Ik be the closed ideal in V(D,) which is generated by the 
functions of the form fi * f2 a*- fk , where fi E I(i = 1, 2,..., k). Let 
Jm,k be the closed ideals in A(P*k) which are defined in Section 3, 
Remark 1. We consider m = 2k + 1 and denote J = Jm,k . 
Let Jk be the closed ideal in A(Gk) which is generated by the 
functions of the form g, * g, *.. g, , where gi E J, (z’ = 1, 2 ,..., k). 
Let G be the group defined by 
G= X Gi, 
ieN 
i#k 
and v the measure on G defined by 
v= )( pi. 
ieN 
i#k 
For a point x = (xi , x2 ,..., xk ,...,) E TN we denote by x(k) the point 
xtk) = (x1 , x2 ,..., xkwl , xk+l ,...) E G. 
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For f E A(P) we define the function f. E A( Gk x G) by 
f&l, 9 Xtk)) = f(X)> 
where x = (x1 , x2 ,..., xk-r , xk , xk+r ,..., ).Finally for f~ A(P) let 
f * E A(Gk) be the function defined by 
f*(+) = j-)(X, , dk)) dV(dk)), xk E Gk . 
4.1. LEMMA. IfgczI, then (Pf)* E Jk . 
Proof. Consider first g E Ik of the form 
g=hv,.v,-.v,, (4.4) 
where vi E {fj,p : 1 <j ,< p, p E 2N} (i = 1,2 ,..., k), and h E V(D,). 
Let ui , (i = 1, 2 ,..., k) be the corresponding functions in the set 
such that 
It follows from (4.1) and (4.2) that 
Pg”= (Ph)ul-u2--uk. 
Now, since for s # K ej,,(x) = 0 if 




and since v is supported by XieN z’fk ,Si), it follows from (4.5) that if 
for some 1 < i ,< R, ui $ Qz~,~, 1 <cj 9 K} then (Pg>* = 0 E Jlc . 
If on the other hand, 
ui E ieLk , 1 < j < % vi = 1, 2,..., k 
then it follows from (4.5) that (Pi)* = (P@* u1 - us -*- u, , and since 
in this case u( E J (z’ = 1,2 ,..., K), we have again (Pg’)* E Jk . 
Since the map: g -+ (Pg’)*, g E V(D,) is bounded, and the functions 
of the form (4.4) are dense in Jk , the lemma is proved. 
4.2. LEMMA. There exists a constant c > 0, such that Qg E Ik , 
QP E (4, 1) 
(j = 1, 2,...,k). TO 
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Proof. It follows from Lemma 3.4, with A(P) replaced by A(P) 
(See Remark 1 in Section 3), that there exists a constant c > 0 such 
that 
Vh E Jk 9 vp t (g, 1) : 
Is 
h(TPQ) &k(t) Gk tp _ 1)’ G c 11 hitA(Gd (j = 1, z,..., I;); (4.6) 
Since 
vg E WLJ, Vj = 1, 2 ,..., k
it follows from Lemma 4.1 and (4.6) that 
%?EIk, vp E (i, 1) : 
ID 
t?(e:x -Y, Y)dr 4-44 
SPJ (P - 1)” 
G c II pi? IlAp) = c II PLg /IA(p) 
< c /I p I/ 11 L 11 11 g 11 Y(D,) = c 11 g 11 Y(D,) (j = 1, 2 ,..., A). 
This completes the proof of the lemma. 
We recall, that the k-linear functionals YP on P, are defined in (4.3). 
4.3. LEMMA. The family of k-linear functionals {‘y, :4 < p < 1) 
is uniformly bounded. 
Proof. The Lemma follows from Lemma 4.2 in the same way as 
Lemma 3.6 follows from Lemma 3.4. 
4.4. LEMMA. There exists a bounded k-linear functional Y on Ik 
such that Vfl , fi ,..., fkE I, 
92 ul,(fl ,f2 ,***, fk) = y(fi 3 fi >***, .fkh 
Proof. Since the family of k-linear functionals {Y,, : $ < p < l> 
is uniformly bounded, it is sufficient to show that 
ljz Y,(fi Lfi Y-Jk) 
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exists if fi(z’ = 1, 2,..., K) are of the form 
(i = 1, 2 )..., k), 
where h$, E V(L),). Now using the fact that for x E S 
(4.7) 
ess9(8?x) = 8: 
pik 
p=k; s#j 
p - 1, p=k; s=j 
and that 
fs,& -Y, Y> = %*dX), Vx,y~ T” (1 <s <P,PEW 
we get from the definition of YP that for fr , f2 ,..,, fk as in (4.7), 
where the determinant in the integrand, is the determinant of the 
matrix (aij) with 
Now, since hj,k(~ - y, y) are bounded Bore1 functions on To x To 
which are continuous a.e. with respect to the measure dp x dy, and 
lim,,, (8:~ - y, y) = (X - y, y) Vx, y E Tw, we get, using Lebesgue’s 
dominated convergence theorem, that 
This completes the proof of the lemma. 
4.5. LEMMA. The k-linear bounded functional Y which is deBned in 
Lemma 4.4, has the properties (a) and (b) of Lemma 2.3. 
Proof. To prove (a), it is enough to show that for fi , fi ,..., fk of 
the form (4.7), such that for some 1 < i < j < k, fi = fj , we have 
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Now, it follows from (4.8) that iffr ,fs ,...,fk are as in (4.7), then 
Y&h ,***> &fd = Is s, det(&(x -Y, Y) @$(x -Y, Y) dr 444 
(4.9) 
and therefore if fi = fj for some 1 < i < j < k, the determinant in 
the integrand of the right hand side of (4.9) has two proportional 
rows, and hence, vanishes identically. This proves (a). Condition (b) 
follows from the fact that by (4.8) we have 
Proof of Proposition 4.1. It follows from Lemma 4.5 and Lemma 
2.3, that VK E 2N the ideal I is not generated by any K - 1 elements 
in 1, and therefore is not finitely generated. This proves Proposition 
4.1, and therefore also Theorems 2.2, 2.1 and 1.1. 
5. SOME CONSEQUENCES AND RELATED PROBLEMS 
Theorem 2.2 has the following consequence: 
5.1. THEOREM. Let X and Y be compact metric spaces which are not 
countable. Then V(X, Y) contains a closed ideal which is not jinitely 
generated. 
Proof. It is well known that if X is a compact metric space which 
is not countable then X contains a closed subset which is homeo- 
morphic to D, . Let K1 and K, be closed subsets of X and Y 
respectively which are homeomorphic to D, . The algebras V(K, , KS) 
and V(I),) are isometrically isomorphic, and therefore by Theorem 
2.2, the algebra V(K, , KS) contains a closed ideal which is not 
finitely generated, and therefore since V(K, , K,) is the restriction 
algebra of V(X, Y) to Ki x Ks , the same is true for V(X, Y). 
We remark that Theorem 5.1 is not true if one of the spaces X or Y 
is countable. In fact if X or Y is countable then the algebra V(X, Y) 
admits spectral synthesis [2, Corollary 2.51, and therefore every 
closed ideal in V(X, Y) is singly generated. 
We refer to [9, p. 1261 for the definition of a Segal algebra on a 
topological group G. From Theorems 1.1 and 2.4 in [9, p. ,129], 
we get the following: 
5.2. THEOREM. Let G be a locally compact abelian group which 
is not compact, and let S(G) b e a Segal algebra on G. Then S(G) 
contains a closed ideal which is not $nitely generated. 
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As a particular case of Theorem 5.2 we have 
5.3. THEOREM. Let G be a locally compact abelian group which is 
not compact, and let 1 < p -C co. Then the convolution algebra 
Ll(G) n Lp(G), normed by llfll = lIfllL~(c) + Ilflh~~ contains a 
closed ideal which is not Jinitely generated, 07 in equivalent form: 
L1(G) n L@(G) contains a closed translation invariant subspace which 
is not the closed span of the translates of a finite number of its functions. 
We conclude with an open problem: Let 1 < p < 00. The 
following problem is a generalization of the problem considered in 
this paper. 
Is every closed translation invariant subspace of Lp(R) the closed 
span of the translates of one of its functions? 
For p = 1, Theorem 1.1 gives a negative answer. On the other 
hand for p = 2, the answer is positive. This follows from Wiener’s 
characterization of the closed translation invariant subspaces of L2(R). 
(See [II, p. 1201.) F or other values of p, the problem is still open. 
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